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1. Introduction
The study of the intersections of stable and unstable manifolds of maps and flows has a strong
influence on dynamical systems. In particular, the existence of a transverse intersection is
associated with the onset of chaos, and gave rise to the famous horseshoe construction of
Smale. The Poincare´-Melnikov method [36, 34, 18] is a widely used technique for detecting
such intersections. Given a system with a pair of saddles and a degenerate heteroclinic or
saddle connection between them, the classical Melnikov function computes the rate at which
the distance between the manifolds changes with a perturbation.
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There have been many formulations of the Melnikov method for two-dimensional maps
or flows [11, 14, 8, 24] and for higher-dimensional symplectic mappings [4, 9, 2]. Recently,
the geometric content of Melnikov’s method was exploited in order to detect heteroclinic
intersections of Lagrangian manifolds for the case of perturbed Hamiltonian flows [38]. Here
it was shown that the heteroclinic orbits are in correspondence with the zeros of a geometric
object, the so-called Melnikov one-form.
For maps, the Melnikov function is an infinite sum whose domain is a saddle connection
between two hyperbolic invariant sets. As usual, a simple zero of this function corresponds
to a transverse intersection of stable and unstable manifolds of a perturbation of the original
map.
Melnikov’s method can also be used to compute transport fluxes. In particular, a
resonance zone for a two-dimensional mapping is a region bounded by alternating segments of
stable and unstable manifolds that are joined at primary intersection points [30, 12]. Because
the intersection points are primary, a resonance zone is bounded by a Jordan curve and has exit
and entry sets [13]. The images of these sets completely define the transport properties of the
resonance zone. Moreover, the integral of the Melnikov function between two neighbouring
primary intersection points is the first order approximation to the geometric flux escaping
from the resonance zone [29, 19].
The method has also been applied to the case of periodically time-dependent, volume-
preserving flows [35] and more generally to volume-preserving maps with fixed points [25]
and invariant circles [27]. Volume-preserving maps provide perhaps the simplest, natural
generalization of the class of area-preserving maps to higher dimensions. Moreover, they
naturally arise in applications as the time-one Poincare´ map of incompressible flows—even
when the vector field of the flow is nonautonomous. Thus the study of the dynamics of
volume-preserving maps has application both to fluids and magnetic fields.
Our goal in this paper is to develop, based on the theory of deformations, a general,
geometrical description of the Melnikov displacement and to compare our theory to classical
results. Deformation theory was first introduced in the theory of singularities [40], but was
soon used in the contexts of volume and symplectic geometry. Its application to dynamical
systems in [22, 21, 7] provide results that are close to our goals.
Let f be a smooth family of diffeomorphisms such that the unperturbed map f0 has a
saddle connection 6 between a pair of compact r -normally hyperbolic invariant manifolds.
Let ν(6) ≡ T6M/T6 be the algebraic normal bundle of the saddle connection. We show that
there exists a canonical Cr−1 section D : 6 → ν(6), called the Melnikov displacement, that
measures the splitting of the saddle connection in first-order. We will prove that the Melnikov
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displacement is given by the absolutely convergent series
D =
∑
k∈Z
( f ∗0 )
kF0 =
∑
k∈Z
( f0∗)kF0 (1)
where F is the vector field defined by ∂∂ f = F ◦ f .
These sums do not converge in the tangent space T6M , but only in the algebraic normal
bundle ν(6). The use of the algebraic normal bundle in the study of normally hyperbolic
manifolds goes back to [17]. The fact that (1) always converges also addresses the question of
how to deal with Melnikov’s method when the original pair of compact r -normally hyperbolic
invariant manifolds (that are connected with the saddle connection) are not fixed with the
perturbation.
In addition, we will also show that the Melnikov displacement has a number of geometric
properties. The main result in this direction is that any change of coordinates acts on the
displacement by its pullback. This result will be used to obtain the natural action of any
symmetries, reversing symmetries or integrals of the dynamical system on the displacement.
Similarly, if the map preserves a symplectic or volume form, this gives additional structure to
the displacement. For example, if f is a family of exact symplectic maps and the normally
hyperbolic invariant manifolds are fixed points, then we will show that there exists a function
L : 6 → R, the Melnikov potential, such that dL = i (D) ω, where ω is the symplectic
two-form. This relation is reminiscent of the definition of globally Hamiltonian vector fields.
When the normally hyperbolic invariant manifolds are not fixed points (or isolated periodic
points), its stable and unstable manifolds are coisotropic, but not isotropic, and so the relation
dL = i (D) ω makes no sense.
We complete this introduction with a note on the organization of this paper. The general
theory is developed in §2. In §3, we show how our theory reproduces the classical methods
of Poincare´ and Melnikov. The study of exact symplectic maps and volume-preserving maps
is contained in §4 and §5, respectively.
2. Melnikov displacement
2.1. Deformation calculus
In this subsection we present the deformation calculus for families of diffeomorphisms and
submanifolds. We shall begin with diffeomorphisms by defining a vector field associated
with a deformation. Next, we construct a vector field for the deformation of (immersed)
submanifolds. Finally, we will combine these results to define and compute the Melnikov
displacement.
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In this paper, we consider smooth families of diffeomorphisms f : M → M , where M is
an n-dimensional smooth manifold. Here, the term smooth family means that f(ξ) ≡ f (ξ, )
is C∞ in both variables. The map f0 will be called “unperturbed”.
Definition 1 (Generating Vector Field [22]). The generating vector field of a smooth family
of diffeomorphisms f is the unique vector field F such that
∂
∂
f = F ◦ f . (2)
If we regard F as a nonautonomous vector field with time , then the function 8t,s =
ft ◦ f −1s represents its flow [1, Thm. 2.2.23]. Consequently, if f is volume preserving, then
F has zero divergence [1, Thm. 2.2.24], and if f is (exact) symplectic, then F is (globally)
Hamiltonian. These geometric equivalences form the basis of the deformation calculus.
Remark 1. The generating vector field F was also called the perturbation vector field in [25];
however, we adopt the older terminology here. Sometimes, we will also refer to F as the
generator of the family f .
We will always use the convention that, given a family of diffeomorphisms denoted by
italic letters f , its generator is denoted by the same letter in calligraphic capitals. We have
collected in the proposition below some well-known relations among generators, in which
appear push-forwards and pullbacks. Recall that the pullback f ∗ and push-forward f∗ of a
diffeomorphism f : M → M act on a vector field X : M → T M as follows:
f ∗X = D f −1 ◦ fX ◦ f = (D f −1X ) ◦ f
f∗X = D f ◦ f −1X ◦ f −1 = (D fX ) ◦ f −1 .
We note that f∗ = ( f ∗)−1 = ( f −1)∗.
Next, our goal is to develop a first-order deformation calculus for invariant manifolds of
smooth diffeomorphisms. We are mainly interested in stable and unstable invariant manifolds
of r -normally hyperbolic manifolds for some r ≥ 1, which unfortunately are just immersed
submanifolds (not embedded submanifolds), and Cr (not C∞). This gives rise to a few
technicalities. Recall that a map g : N → M is an immersion when its differential has
maximal rank everywhere. If g is one-to-one onto its image, then W = g(N ) is an immersed
submanifold of the same dimension as N . We will denote an immersion by W = g(N ) ↪→ M
or simply W ↪→ M when the immersion g does not matter. For brevity, we will sometimes
omit the term “immersed”.
Example 1. If W is the stable (resp., unstable) invariant manifold of a fixed point of a
diffeomorphism, then N = Rs (resp., N = Ru), where s and u are the number of stable
and unstable directions at the hyperbolic point. When the fixed point is hyperbolic, n = s+u.
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Stable and unstable manifolds are typically not embedded because they can have points of
accumulation. In this case the immersion is not a proper map.
We consider families of submanifolds of the form W = g(N ) ↪→ M , where g(ξ, ) is
Cr in both variables, for some r ≥ 1. All the elements of such a family are diffeomorphic
(as immersed submanifolds), because they are diffeomorphic to the same “base” manifold N .
Just as for f0, the unperturbed submanifold is denoted by W0.
Definition 2 (Adapted Deformation). If W ↪→ M is a Cr family of immersed submanifolds,
a family of diffeomorphisms φ : W0 → W is an adapted deformation when φ0 = IdW0 and
φ(ξ, ) is Cr in both variables.
Adapted deformations exist since it suffices to take φ = g ◦ g−10 . While there is
quite a bit of freedom in the choice of φ , only its normal component is relevant, since this
measures the actual motion of W with . The normal component will be defined using the
algebraic normal bundle. For an immersed submanifold W ↪→ M , this is defined as the set of
equivalence classes
ν(W ) ≡ TW MupslopeT W . (3)
When M is Riemannian, this normal bundle is isomorphic to the more familiar geometric
normal bundle, T M⊥ (cf. [16, p.96]). In general ν is a manifold of dimension n and is defined
independently of any inner product structure on T M .
Definition 3 (Displacement Vector Field). The displacement vector field of a Cr family of
immersed submanifolds W ↪→ M is the Cr−1 section
D : W0→ ν(W0) , D(ξ) ≡ ∂
∂
∣∣∣∣
=0
φ(ξ)+ TξW0 (4)
where φ : W0→ W is any adapted deformation.
The displacement vector field is well-defined; that is, its definition is independent of the
choice of the adapted deformation as is shown in the following lemma.
Lemma 1. Let φ, φ˜ : W0→ W be two adapted deformations. Then[
∂
∂
φ˜(ξ)− ∂
∂
φ(ξ)
]
=0
∈ TξW0 , ∀ξ ∈ W0 .
Proof. For each fixed ξ ∈ W0, the map  7→ c() ≡ φ−1 (φ˜(ξ)) describes a Cr curve in W0
such that c(0) = ξ and c′(0) ∈ TξW0. Using the fact that φ˜(ξ) = φ(c()), we then have[
∂
∂
φ˜(ξ)− ∂
∂
φ(ξ)
]
=0
= Dφ0(ξ)c′(0) = c′(0) ∈ TξW0 ,
because Dφ0(ξ) = IdTξW0 .
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When the submanifold is invariant under a diffeomorphism, its deformations are related
by means of a fundamental iterative relationship between the generating vector field of the
family of diffeomorphisms and the displacement vector field of the family of submanifolds.
Proposition 2. Let f be a smooth family of diffeomorphisms, and W ↪→ M be a Cr family
of immersed submanifolds that are invariant under f . Then
f ∗0 D −D = f ∗0 F0 (5)
on the unperturbed submanifold W0, where D is the displacement vector field (4).
Proof. The tangent space T W0 is invariant under the pullback f ∗0 , so the term f
∗
0 D is well-
defined as a section of the normal bundle ν(W0). If φ : W0 → W is any adapted
deformation, then φ˜ ≡ f ◦ φ ◦ f −10 is as well. Differentiating φ˜ ◦ f0 = f ◦ φ with
respect to  yields
∂
∂
∣∣∣∣
=0
φ˜ ◦ f0 = F0 ◦ f0 + D f0 ∂
∂
∣∣∣∣
=0
φ
where we used (2). However, by lemma 1 the displacement (4) is independent of the adapted
deformation, so
D ◦ f0 = F0 ◦ f0 + D f0D .
Applying D f −10 ◦ f0 to both sides finishes the proof.
The identity (5) is equivalent to D = ( f0)∗D+F0. Thus, we can work either with push-
forwards or pullbacks. To obtain the Melnikov displacement we will iterate these identities
on the stable and unstable manifolds of a family of diffeomorphisms.
2.2. Normally hyperbolic invariant manifolds and saddle connections
The Melnikov displacement will be defined for a saddle connection between a pair of normally
hyperbolic invariant manifolds. In this section we recall the definitions of these objects. There
are many slightly different definitions of normally hyperbolic manifolds, see [17]. In this
paper, we adopt the following.
Definition 4 (Normally Hyperbolic Invariant Manifold). Let A ⊂ M be a submanifold
invariant under a smooth diffeomorphism f : M → M . We say that A is r-normally
hyperbolic when there exist a Riemann structure on T M, a constant λ ∈ (0, 1), and a
continuous invariant splitting
Ta M = E sa ⊕ Eua ⊕ Ta A , ∀a ∈ A (6)
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such that if Ls,ua : E
s,u
a → E s,uf (a) and Lca : Ta A → T f (a)A are the canonical restrictions of
the linear map D f (a) : Ta M → T f (a)M associated to the splitting (6), then
(i)
∣∣(Lca)−1∣∣l ∣∣Lsa∣∣ < λ, and
(ii)
∣∣Lca∣∣l ∣∣(Lua)−1∣∣ < λ
for all l = 0, 1, . . . , r , and for all a ∈ A.
As is usual in the literature, the term normally hyperbolic will be taken to mean 1-
normally hyperbolic. Note that setting l = 0 in the previous definition implies that the
linearizations Ls and Lu of f restricted to the stable and unstable spaces of A have the uniform
bounds ∣∣Lsa∣∣ , ∣∣∣(Lua)−1∣∣∣ < λ < 1 , ∀a ∈ A . (7)
In this paper we will assume that each r -normally hyperbolic invariant manifold A is
compact, although it would be sufficient that our diffeomorphisms be uniformly Cr in some
neighbourhood of A. We will also assume, without loss of generality, that A is connected.
One consequence is that the sets
W s = W s(A) = W s(A, f ) =
{
ξ ∈ M : lim
k→+∞ dist( f
k(ξ), A) = 0
}
and
W u = W u(A) = W u(A, f ) =
{
ξ ∈ M : lim
k→−∞ dist( f
k(ξ), A) = 0
}
are Cr immersed submanifolds of M that are tangent at A to T A⊕E s,u, see [17]. In particular,
TAW s ∩ TAW u = T A. Moreover, A and its stable and unstable invariant manifolds are
persistent: given any smooth family of diffeomorphisms f such that f = f0, then for each
small enough  there exists a nearby r -normally hyperbolic invariant manifold A with Cr
families of immersed submanifolds W s,u = W s,u(A, f).
To compute the Melnikov displacement, we will need to show that certain series are
geometrically convergent; the following lemma is a key component in this proof.
Lemma 3. Let f : M → M be a diffeomorphism with a compact normally hyperbolic
invariant manifold A, and fix a point ξ ∈ W s = W s(A, f ). Then given any splitting
TξM = TξW s ⊕ Nξ , there exists a constant µ ∈ (0, 1) and an integer n0 > 0 such that∣∣∣(L Nn )−1∣∣∣ < µ, ∀n ≥ n0
where L Nn : Nξn → Nξn+1 are the restrictions of D f (ξn) : Tξn M → Tξn+1 M to the subspaces
Nξn = D f n(ξ)[Nξ ], ξn = f n(ξ). A similar bound holds for W u.
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Proof. There exists a unique point a ∈ A such that limn→+∞ dist(ξn, an) = 0, where
an = f n0 (a). According to the λ-Lemma for normally hyperbolic manifolds [5], the
complementary subspaces Nξn tend to the unstable subspaces E
u
an , as n → +∞. Thus, the
maps L Nn : Nξn → Nξn+1 tend to the unstable restrictions Luan : Euan → Euan+1 as n → +∞,
and the lemma follows from (7). It suffices to take any µ ∈ (λ, 1).
The Melnikov displacement will be defined as a function on the normal bundle of a
saddle connection, which is defined as follows.
Definition 5 (Saddle Connection). Let f : M → M be a diffeomorphism with a pair of
compact normally hyperbolic invariant manifolds A and B. A saddle connection between A
and B is an invariant submanifold 6 ⊂ W u(A) ∩W s(B) such that
Tξ6 = TξW u(A) = TξW s(B)
for all ξ ∈ 6.
Remark 2. The coincidence of the tangent spaces is needed in order that the manifolds have
the same algebraic normal bundles on the saddle connection:
ν(6) = ν(W u(A))|6 = ν(W s(B))|6
since TξM/Tξ6 = TξM/TξW u(A) = TξM/TξW s(B), for all ξ ∈ 6.
By definition, dim6 = dim W u(A) = dim W s(B), and the manifolds A and B are not
part of the saddle connection. The simplest (and most common) saddle connections are of
the form 6 = W u(A) \ A = W s(B) \ B. In this case, we say that the unperturbed invariant
manifolds are completely doubled. Many Melnikov problems studied in the literature fall into
this category. Nevertheless, in some problems there may exist points ξ ∈ W u(A) ∩ W s(B),
ξ 6∈ A ∪ B, such that TξW u(A) 6= TξW s(B), see [9]. In that case the saddle connection
is strictly contained in the intersection of the stable and unstable invariant manifolds: 6  
(W u(A) ∩W s(B)) \ (A ∪ B).
2.3. Displacement vector fields of stable and unstable invariant manifolds
In this subsection we use the fundamental iterative equation (5) to obtain infinite series for the
displacements of the stable and unstable manifolds. These series are absolutely convergent,
but only, as we must stress, when they are evaluated on their corresponding normal bundles.
Indeed, the tangential components of these series can be unbounded. Consequently, in order
to compute these sums, each term must be projected onto the normal bundle. An example will
be given in §2.5.
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The proof of the following proposition is inspired by a proof given in [2], the main
difference is that our setting is more geometric.
Proposition 4. Let f be a smooth family of diffeomorphisms such that the unperturbed
map f0 has a compact normally hyperbolic invariant manifold A0 with stable and unstable
invariant manifolds W s,u0 . Then the displacement vector fields Ds : W s0 → ν(W s0) and
Du : W u0 → ν(W u0 ) of the families of perturbed stable and unstable invariant manifolds
are given by the absolutely convergent series
Ds = −
∑
k≥1
( f ∗0 )
kF0 , Du =
∑
k≤0
( f ∗0 )
kF0 .
Proof. We prove the claim about the stable displacement Ds; the unstable result is obtained
analogously. Repeatedly applying the iterative formula (5), yields
Ds = ( f ∗0 )nDs −
n∑
k=1
( f ∗0 )
kF0
for any integer n ≥ 1. Therefore, it suffices to check that the term ( f ∗0 )nDs tends
geometrically to zero on the normal bundle of the unperturbed stable manifold. For any
point ξ ∈ W s0 = W s(A0, f0), let ξn ≡ f n0 (ξ), and Dsn ≡ Ds(ξn) ∈ Tξn M . Then
( f ∗0 )nDs(ξ) = (L¯n)−1Dsn where L¯n ≡ D f n0 (ξ) : TξM → Tξn M . We must show that
(L¯n)−1Dsn tends geometrically to zero as an element of the quotient space TξM/TξW s0 .
Given any splitting TξM = TξW s0 ⊕ Nξ , let 5Nn : Tξn M → Nξn be the projections onto
the linear subspaces Nξn = D f n0 (ξ)[Nξ ], and let L Nn : Nξn → Nξn+1 be the corresponding
restrictions of the linear maps Ln ≡ D f0(ξn) : Tξn M → Tξn+1 M . Then,
5N0 (L¯n)
−1Dsn = 5N0 (L0)−1(L1)−1 · · · (Ln−1)−1Dsn
= (L N0 )−1(L N1 )−1 · · · (L Nn−1)−15Nn Dsn
because L¯n = Ln−1 · · · L1L0 and L Nk ◦5Nk = 5Nk+1 ◦ L Nk . Let n0 be the integer referred to
in lemma 3, and define ln0 = 5n0−1k=0
∣∣(L Nk )−1∣∣. Lemma 3 gives the bound∣∣∣5N0 (L¯n)−1Dsn∣∣∣ ≤ ln0µn−n0 ∣∣5Nn Dsn∣∣ ≤ ln0µn−n0 ∣∣Dsn∣∣
for some µ ∈ (0, 1). Moreover, the sequence (Dsn)n≥0 is bounded due to the compactness
of the normally hyperbolic manifold A0 and the continuity of the displacement vector field
Ds(ξ). Therefore, ∣∣5N0 (L¯n)−1Dsn∣∣ tends geometrically to zero as n → 0, and so, (L¯n)−1Dsn
tends geometrically to zero in the quotient space TξM/TξW s0 .
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2.4. Melnikov displacement
We now will use the displacement vector fields to study the splitting of a saddle connection
upon perturbation. As usual, f denotes a smooth family of diffeomorphisms such that the
unperturbed map f0 has a saddle connection6 ⊂ W u(A0, f0)∩W s(B0, f0) between a pair of
compact r -normally hyperbolic invariant manifolds A0 and B0. These manifolds persist and
remain r -normally hyperbolic for small .
We want to study the distance between the perturbed manifolds W u = W u(A, f) and
W s = W s(B, f) The growth rate of this distance with  is obtained simply by taking the
difference between the displacement vector fields of both families.
Definition 6 (Melnikov Displacement). Under the previous assumptions, the Melnikov
displacement is the canonical Cr−1 section of the normal bundle ν(6) defined by
D ≡ Du −Ds : 6→ ν(6) (8)
where Du : W u0 → ν(W u0 ) and Ds : W s0 → ν(W s0) are the displacement vector fields of W u
and W s , respectively.
Remark 3. The Melnikov displacement D makes sense only on the saddle connection, where
the tangent spaces of the unperturbed invariant manifolds W u0 and W
s
0 coincide. Away from
6, the differenceDu−Ds is undefined because each term is a section of a different (algebraic)
normal bundle, see remark 2.
Corollary 5. Let f : M → M be a smooth family of diffeomorphisms verifying the
assumptions of definition 6. Then its Melnikov displacement D : 6 → ν(6) is given by
the absolutely convergent sums
D =
∑
k∈Z
( f ∗0 )
kF0 =
∑
k∈Z
( f0∗)kF0 . (9)
Proof. From proposition 4, we get that D = Du − Ds = ∑k∈Z( f ∗0 )kF0 = ∑k∈Z( f0∗)kF0,
where the last equality follows from the identity ( f0∗)k = ( f ∗0 )−k .
The Melnikov displacement has been defined in a canonical way as a section of the
normal bundle, as such it has strong geometric properties. We will show next that any change
of variables acts as a pullback on it. This will imply a number of geometrical properties,
for example that the displacement is invariant under the pullback and the push-forward of
the unperturbed map. In addition, we will see that if there exist symmetries, reversors,
first integrals, or saddle connections, then these have natural implications on the Melnikov
displacement. These claims are the subject of proposition 6.
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We recall that a diffeomorphism f : M → M is symmetric when there exists a
diffeomorphism s : M → M such that f ◦ s = s ◦ f , and then s is called a symmetry
of the map f . Analogously, f is reversible when there exists a diffeomorphism r : M → M
such that f ◦r = r ◦ f −1, and then r is called a reversor of the map f . In many applications, r
is an involution, r2 = Id, though this need not be the case [15], Finally, a function I : M → R
is a first integral of f when I ◦ f = I .
Proposition 6. Let f be a smooth family of diffeomorphisms verifying the assumptions of
definition 6 and let D be its Melnikov displacement.
(i) Given any smooth family of changes of variables h : M → M, the family f˜ =
h−1 ◦ f ◦ h also verifies the assumptions of definition 6, its Melnikov displacement
D˜ is defined on the saddle connection 6˜ ≡ h−10 (6), and
D˜ = h∗0D . (10)
(ii) The Melnikov displacement is invariant by the pullback and the push-forward of the
unperturbed map. That is,
f ∗0 D = ( f0)∗D = D . (11)
(iii) If f has a smooth family of:
(a) Symmetries s : M → M such that s0(6) = 6, then
s∗0D = (s0)∗D = D . (12)
(b) Reversors r : M → M such that r0(6) = 6, then
r∗0D = (r0)∗D = −D . (13)
If, in addition, r0 is an involution and its fixed set R0 ≡ {ξ ∈ M : r0(ξ) = ξ} is a
submanifold that intersects 6 transversely at some point ξ0, then D(ξ0) = 0.
(c) First integrals I : M → R such that A ∪ B ⊂ I−1 ({0}), then
i (D) dI0 ≡ dI0(D) = 0 . (14)
(d) Saddle connections 6 ⊂ W u ∩W s such that 60 = 6, then D = 0.
(iv) If there exists a vector field X : M → T M such that its flow commutes with f , then the
Lie derivative of the Melnikov displacement with respect to X vanishes, that is,
LXD = 0 . (15)
It is very important to stress that the above results make sense as identities on the normal
bundle of saddle connections. The relation (10) makes sense because the pullback h∗0 maps
T6 onto T 6˜, whereas (11) makes sense because T6 is invariant by the pullback f ∗0 and the
push-forward ( f0)∗. Similar arguments apply to (12) and (13). The identities (14) and (15)
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make sense because T6 is contained in the kernel of the one-form dI0 and the vector field
X is tangent to 6, respectively. The hypothesis A ∪ B ⊂ I−1 ({0}) means that A and B
are contained in the same level set of the first integrals, which can be assumed to be the zero
level without loss of generality. This holds, for instance, in the transitive homoclinic case:
B = A and A is transitive.
Proof. We can write a geometric proof based on the definition of the Melnikov displacement
as a canonical section of the normal bundle, or a computational proof using the formulae (9).
We follow the geometric approach.
(i) The first claims are obvious. For the last one, note that if φs,u : W
s,u
0 → W s,u are
any adapted deformations (for the family f), then φ˜s,u ≡ h−1 ◦ φs,u ◦ h0 are as well (for the
family f˜). Differentiating h ◦ φ˜s,u = φs,u ◦ h0 with respect to  yields
H0 ◦ h0 + Dh0 ∂
∂
∣∣∣∣
=0
φ˜s,u =
∂
∂
∣∣∣∣
=0
φs,u ◦ h0
where we used that ∂∂h = H ◦h . Hence, H0 ◦h0+Dh0D˜s,u = Ds,u ◦h0, so the difference
D = Du −Ds verifies the relation D ◦ h0 = Dh0D˜, which is equivalent to (10).
(ii) If we take h = f in (i), then f˜ = f −1 ◦ f ◦ f = f and 6˜ = f −10 (6) = 6.
Therefore, D˜ = D and (11) follows from (10).
(iii.a) If we take h = s in (i), then f˜ = s−1 ◦ f ◦ s = f and 6˜ = s−10 (6) = 6.
Therefore, D˜ = D and (12) follows from (10).
(iii.b) If we take h = r in (i), then f˜ = r−1 ◦ f ◦ r = f −1 and 6˜ = r−10 (6) =
6. Moreover, a stable (respectively, unstable) manifold of a map becomes an unstable
(respectively, stable) for the inverse map. Therefore, D˜ = −D and (13) follows from (10).
Next, we assume that r0 is an involution whose fixed set R0 intersects 6 transversely
at ξ0. That is, r20 = Id, r0(ξ0) = ξ0, and Tξ0 M = Tξ06 ⊕ Tξ0 R0. We want to prove that
D(ξ0) = 0 in the normal bundle ν(6), or equivalently that D(ξ0) ∈ Tξ06.
Since r0(ξ0) = ξ0 and r20 = Id, the square of the linear endomorphism Dr0(ξ0) : Tξ0 M →
Tξ0 M is the identity map. This implies that Dr0(ξ0) is diagonalizable and its spectrum is
contained in the set {−1, 1}, so Tξ0 M = E+⊕ E−, where E± = ker(Dr0(ξ0)∓ Id). We claim
that E+ = Tξ0 R0 and E− = Tξ06. The first claim follows from the fact that involutions
are locally conjugate to their linear parts at fixed points. Since Tξ06 is invariant under
Dr0(ξ0) and complementary to Tξ0 R0 = E+ in Tξ0 M , we get the second claim. Finally,
the evaluation of (13) at the point ξ = ξ0, yields Dr0(ξ0)D(ξ0) = −D(r0(ξ0)) = −D(ξ0),
and so D(ξ0) ∈ E− = Tξ06.
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(iii.c) Let I = I0 +  I1 + O(2). Obviously, W u,s ⊂ I−1 ({0}). Differentiating
I ◦ φs,u = 0 with respect to  yields dI0(Ds,u) = −I1. Thus, D = Du −Ds verifies (14).
(iii.d) In this case, we can take φs = φu , and so D = Du −Ds vanishes on 6 = 60.
(iv) Let φt : M → M be the flow of the vector field: ∂∂tφt = X ◦ φt and φ0 = Id. Thus,
given any t , the (constant) family s ≡ φt is a smooth family of symmetries of f . Next,
using relation (12), we get that (φt)∗D = D for any t , and (15) follows by definition of the
Lie derivative.
These results have been extensively used in the literature. The invariance of Melnikov
objects under the unperturbed map gives rise to periodicities when suitable coordinates are
used; examples can be found in [14, 8, 20]. Item (iii.d) implies a simple splitting criterion: if
the Melnikov displacement does not vanish identically, the separatrix splits [8, 37]. Upper
bounds on the number of uniform first integrals of the family f can be deduced from
item (iii.c), see [32, 41]. This result has also been used in to establish necessary and sufficient
conditions for uniform integrability of analytic, exact-symplectic maps [21]. Symmetries have
also been extensively used, for example to improve the lower bound obtained by Morse theory
for the number of critical points of some Melnikov potentials [9] (We will discuss Melnikov
potentials in §4.2.). Relation (15) is similar to Noether’s theorem, since the existence of a
continuous symmetry—the flow of the vector field X—implies a conservation law for the
Melnikov displacement. Finally, fixed sets of reversors can be used to guarantee the existence
of heteroclinic points and zeros of Melnikov functions; this is an old trick, see [10].
In the classical Melnikov method, one uses simple zeros of a Melnikov function to predict
the transverse intersection of the invariant manifolds. We next show that this result also holds
for the Melnikov displacement.
Theorem 7. If ξ0 is a simple zero of the Melnikov displacement (8), then the perturbed
invariant manifolds W u and W
s
 intersect transversely at some point ξ = ξ0 + O() for
small enough .
Proof. By definition, the saddle connection 6 is an f0-invariant submanifold of M . Let
pi : ν(6) → 6 be the projection of the normal bundle onto 6. There is a tubular
neighbourhood N of 6 that is diffeomorphic to ν(6) via a diffeomorphism ψ : N → ν(6),
as illustrated in figure 1. Since N is an open neighbourhood of 6 in M , each deformation of
6 occurs inside N , for  small enough.
We note that under the diffeomorphism ψ , and for  small enough, deformations of 6
can be thought as deformations of the zero section, 0pi , in ν(6). Indeed, a deformation of 6
can be parametrized by a section 6 → ν(6). Let U0 ⊂ 6 be an open set that contains ξ0.
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ψ
0π
Σ
Λsε
Λuε
Usε
Uuε
Figure 1. A tubular neighbourhood that is diffeomorphic to the normal bundle pi : ν(6)→ 6.
Let U s and U
u
 be deformations of U0 such that
U s ⊂ W s , U u ⊂ W u .
Let3s = ψ
(
U s
)
and3u = ψ
(
U u
)
be the images in ν(6) of two deformations of the saddle
connection, corresponding to the images of the stable and unstable manifolds. We want to
show that 3s and 3
u
 intersect transversely for  small enough when D has a simple zero.
We parametrize each manifold with a section U0 → ν(6). That is, if  is small, then
φ˜s,u : U0→ ν(6) given by
φ˜s,u (ξ) = pi−1(ξ) ∩3s,u
are sections of the normal bundle restricted to U0. Notice that the functions φs,u : U0→ N ⊂
M given by
φs,u = ψ−1 ◦ φ˜s,u
are adapted deformations of U0 with images U s,u . In fact, both are perturbations of the zero
section. From the definition of displacements we have that
φ˜s,u (ξ) = D˜s,u(ξ)+ O(2)
where
D˜s,u(ξ) = Dψ(ξ)Ds,u(ξ)
and Ds,u(ξ), are the displacements of φs,u . Therefore, each manifold 3s and 3u is the image
of φ˜s and φ˜
u
 and they intersect transversely at φ˜
s
(ξ0) = φ˜u (ξ0) if and only if ξ0 is a simple
zero of the section φ˜u − φ˜s .
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Now we use the standard “blow up” argument so that the implicit function theorem can
be applied. Let φ¯s,u : 6→ ν(6) be the section given by
φ¯s,u =

1
 φ˜
s,u
 for  6= 0
D˜s,u for  = 0
Notice that φ¯s,u is C
r−1 if φ˜s,u is Cr , and moreover that, when  6= 0, ξ is a simple zero of
φ˜u − φ˜s if and only if it is for φ¯u − φ¯s . Finally, since Dψ(ξ)D(ξ) =
(
φ¯u0 − φ¯s0
)
(ξ) and3s and
3u are the images of φ˜
s
 and φ˜
u
 , the implicit function theorem implies that if ξ0 is a simple
zero of D, then 3s and 3u intersect transversely near ξ0, for  small enough. Thus W s and
W u intersect transversely near ξ0, for  small enough.
2.5. Example: perturbed Suris map
As a simple example, we consider the generalized standard map
f : T× R→ T× R , f (x, y) = (x + y − V ′(x), y − V ′(x)) (16)
where V : T→ T is a periodic potential. It is easy to see that f preserves area and orientation
and that its fixed points have the form (x∗, 0)where V ′(x∗) = 0. Such fixed points are saddles
if and only if V ′′(x∗) < 0, because tr(D f (x∗, 0)) = 2− V ′′(x∗).
Following McMillan [31], we can find a generalized standard map with a saddle
connection between two saddle points if we choose a diffeomorphism c : R → R such
that c(x + 2) = c−1(x + 1)+ 1 = c(x)+ 2, and let
V ′(x) = 2x − c(x)− c−1(x) . (17)
To see this, first note that, with this choice, the force V ′(x) is periodic with period one.
Moreover, if x∗ is a hyperbolic fixed point of c (that is, c(x∗) = x∗ and 0 < c′(x∗) 6= 1), then
V ′′(x∗) = 2− c′(x∗)− (c−1)′(x∗) = 2− c′(x∗)− 1/c′(x∗) < 0 .
Thus, (x∗, 0) is a saddle fixed point.
Moreover, the graphs of the functions χ±(x) ≡ x−c±1(x) are invariant and the dynamics
on these sets is very simple:
f k(x, χ−(x)) = (ck(x), χ−(ck(x))) ,
f k(x, χ+(x)) = (c−k(x), χ+(c−k(x)))
(18)
for all k ∈ Z. These graphs contain saddle connections if we choose a pair of neighbouring
fixed points a and b of c, so that c has no fixed points in (a, b). Suppose further that a
(respectively, b) is a stable (respectively, unstable) fixed point of c, so that limk→+∞ ck(x) =
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a and limk→+∞ c−k(x) = b for all x ∈ (a, b). Then A = (a, 0) and B = (b, 0) are saddle
points of the map f , and
6± = {(x, χ±(x)) ∈ T× R : x ∈ (a, b)}
are saddle connections between them: 6− ⊂ W s(A) ∩ W u(B) and 6+ ⊂ W u(A) ∩ W s(B),
see figure 2.
−0.3
b
y
0.3
−0.3 0.3a
c(x)
c-1(x)
Σ+
Σ−
Figure 2. Saddle connections 6+ and 6− for the Suris map with potential (20) and the
diffeomorphisms x 7→ c±1(x) for µ = 0.2. Also shown are images of a point on the saddle
connection 6−, obtained by iterating x 7→ c(x).
It is known that a generalized standard map with a potential of the form (17) is typically
nonintegrable [27]. An integrable example, f0, for each µ ∈ (0, 1) is obtained when the
diffeomorphism c is given by
c(x) = cµ(x) = 2
pi
arctan
(
(µ+ 1) tan(pix/2)+ (µ− 1)
(µ− 1) tan(pix/2)+ (µ+ 1)
)
(19)
for −1 ≤ x ≤ 1. This function, when extended to R using c(x + 2) = c(x) + 2, gives the
period-one potential (17)
V0(x) = 2
pi
∫ x
0
arctan
(
δ sin(2pi t)
1+ δ cos (2pi t)
)
dt , δ = (1− µ)
2
(1+ µ)2 . (20)
A first integral of the map is I (x, y) = cospiy + δ cospi(2x − y) [39, 33, 26].
The diffeomorphism (19) is conjugate to a Mo¨bius transformation, and it is easy to find
an explicit formula for its iterations:(
cµ
)k
(x) = cµk (x) , ∀k ∈ Z . (21)
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The points a = −1/2 and b = 1/2 are fixed points of c. The point a is stable and b is unstable
because c′(a) = µ ∈ (0, 1) and c′(b) = 1/µ > 1.
We now perturb the integrable map by modifying the potential (20):
V(x) = V0(x)+ U (x) . (22)
We compute the Melnikov displacement using (9). For this calculation we must first compute
the vector field F0, which for the generalized standard map (16) with potential (22) is
F0(x, y) = −U ′(x − y)(1, 1)T .
Using the relations (18) and (21), the series (9) for the displacement D is easily computed.
However, in order to ensure convergence of the series, we must take into account the fact
that it is only the normal component of the displacement that is desired; indeed, the iteration
of the tangential component is not bounded. Let 5N : T6M → ν(6) be the canonical
projection onto the normal bundle (3). Due to the fact that 6 is invariant under f0, we have
that5N ◦ f ∗0 = f ∗0 ◦5N . To avoid numerical errors, we project each term in the sum (9). We
display in figure 3 the projection 5N (D) as a function of x along 6−, for two perturbative
potentials U (x).
0.5
0.0
−0.5
0.40.2 x
ΠN(D)
Figure 3. Normal component of D for the Suris map on 6− with µ = 0.2. The solid curve is
for U (x) = − cos(2pix)/2pi and the dashed curve is for U (x) = sin(2pix)/2pi .
Canonical Melnikov theory for diffeomorphisms 18
3. Comparison with classical methods
The Melnikov displacement (8) generalizes the classical methods used to detect the splitting
of separatrices due to Poincare´ and Melnikov.
3.1. Poincare´ method
Poincare´’s method [36] is based on the existence of first integrals, such as an energy function,
for the unperturbed system. Assume that f0 has a saddle connection 6 between a pair of
hyperbolic fixed points a and b. For the simplest case, 6 has codimension one, and a single
first integral suffices: I ◦ f0 = I . Saddle connections with a higher codimension can be treated
in a similar way if there are sufficiently many integrals. The splitting between the stable and
unstable manifolds is measured by the rate of change in the first integral I with  on the saddle
connection. That is, we define the Poincare´ function MI : 6→ R by
MI = ∂
∂
∣∣∣∣
=0
(
I ◦ φu − I ◦ φs
)
(23)
where φu and φ
s
 are deformations adapted to the perturbed invariant manifolds.
Proposition 8. Under the above assumptions,
MI = i (D) dI ≡ dI (D)
where D is the Melnikov displacement (8).
The proof is a simple computation. The term dI (D)makes sense because the first integral
is constant on the saddle connection, and so the tangent space T6 in contained in the kernel
of dI . If dI |6 is nondegenerate, then a point ξ0 ∈ 6 is a simple zero of MI if and only if it is
a simple zero of D. In this case, the perturbed invariant manifolds intersect transversely near
ξ0 for  small enough. Therefore, the Melnikov displacement D generalizes the estimates of
splitting in the Poincare´ style.
3.2. Melnikov method
The classical Melnikov method [34] is based on estimating the movement of a manifold in
a direction normal to the separatrix. To define the normal, the phase space M is assumed to
have a Riemannian inner product 〈·, ·〉. As before, assume for simplicity that 6 is a saddle
connection of codimension one. The appropriate normal to 6 is called an adapted normal
vector field.
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Definition 7 (Adapted Normal Vector Field [25]). Let 6 be a f0-invariant submanifold of
codimension one. A vector field η : 6→ T6M is adapted normal when
(i) η is nondegenerate: η(ξ) 6= 0, for all ξ ∈ 6,
(ii) η is normal: 〈η(ξ), v〉 = 0, for all ξ ∈ 6 and v ∈ Tξ6; and
(iii) η is invariant: f ∗0 〈η,Y〉 = 〈η, f ∗0 Y〉, for all vector field Y : 6→ T6M.
Using this notation, the classical Melnikov function Mη : 6→ R is
Mη = ∂
∂
∣∣∣∣
=0
〈η, φu − φs〉 (24)
where φu and φ
s
 are deformations adapted to the perturbed invariant manifolds. Consequently,
Mη is related to the Melnikov displacement (8) by
Mη = 〈η,D〉 . (25)
Since η is nondegenerate, Mη andD have the same simple zeros. We also note that (25) makes
sense because η is normal, and so the component of D in the tangent space T6 does not play
any role.
Remark 4. Adapted normal vector fields can be obtained as gradients of nondegenerate first
integrals. Let I be a smooth first integral of f0 such that its gradient ∇ I does not vanish
on 6. Given a Riemannian structure, the gradient is the unique vector field such that
i (Y) dI = 〈∇ I,Y〉 for any vector field Y on M . Therefore, f ∗0 〈∇ I,Y〉 = 〈∇(I ◦ f0), f ∗0 Y〉,
and η = ∇ I is an adapted normal vector field. Obviously, the Poincare´ function (23) and the
Melnikov function (24) coincide when η = ∇ I .
4. Exact symplectic maps
4.1. Basic results
In this section, we will see how the Melnikov displacement (8) generalizes previous theories
developed for hyperbolic fixed points of exact symplectic maps. We will also show why
general normally hyperbolic invariant manifolds can not be studied in the same way.
A 2n-dimensional manifold M is exact symplectic when it admits a nondegenerate two-
form ω such that ω = −dλ for some Liouville one-form λ. The typical example of an exact
symplectic manifold is provided by a cotangent bundle M = T ∗Q, together with the canonical
forms ω0 = dx ∧ dy and λ0 = ydx , in cotangent coordinates (x, y).
A map f : M → M is exact symplectic if ∮γ λ = ∮ f (γ ) λ for any closed path γ ⊂ M
or, equivalently, if there exists a generating (or primitive) function S : M → R such that
f ∗λ− λ = dS. In particular, an exact symplectic map is symplectic: f ∗ω = ω.
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A submanifold N of M is exact isotropic if
∮
γ λ =
∮
f (γ ) λ for any closed path γ ⊂ N
or, equivalently, if there exists a generating function L : N → R such that j∗Nλ = dL . Here,
jN : N ↪→ M denotes the natural inclusion map. In particular, an exact isotropic submanifold
is isotropic: j∗Nω = 0. The maximal dimension of an isotropic submanifold is n, and when
the dimension is n, the submanifolds is called Lagrangian.
A vector field F : M → T M is globally Hamiltonian if there exists a Hamiltonian
function H : M → R such that
i (F) ω = dH .
We stress two key properties of the symplectic case. First, the generator of a family
of exact symplectic maps is globally Hamiltonian and there exists a simple relation between
this Hamiltonian and the generating function of the maps. Second, the stable and unstable
invariant manifolds of a connected normally hyperbolic invariant submanifold A of an (exact)
symplectic map are (exact) isotropic if and only if A is a fixed point, in which case they
are Lagrangian (that is, n-dimensional). The second property is an obstruction to develop
a symplectic version of our canonical Melnikov theory for general normally hyperbolic
invariant submanifolds, we shall do it just for fixed points.
These properties are well-known, but we prove both for completeness.
Proposition 9. Let f be a family of exact symplectic maps with generating function S and
generating vector field F . Then, F is globally Hamiltonian with Hamiltonian
H = λ(F)− ∂S
∂
◦ f −1 . (26)
Proof. By definition, ∂∂ f = F ◦ f , so the Lie derivative with respect to F is LFλ =
( f ∗ )−1 ∂∂ ( f
∗
 λ). Using Cartan’s formula: LXλ = i (X ) dλ + di (X ) λ, and taking the
derivative with respect to  of the relation dS = f ∗ λ− λ, we get
d
∂S
∂
= ∂
∂
f ∗ λ = f ∗ LFλ = f ∗ (i (F) dλ+ di (F) λ) .
Rearranging this yields
i (F) dλ =
(
f −1
)∗
d
∂S
∂
− di (F) λ = d
(
∂S
∂
◦ f −1 − i (F) λ
)
.
Finally, i (F) λ = λ(F), since λ is a one-form.
Proposition 10. Let f : M → M be a diffeomorphism with a connected, normally
hyperbolic, invariant manifold A. If f is (exact) symplectic, the stable and unstable invariant
manifolds W s,u = W s,u(A, f ) are (exact) isotropic if and only if A is a hyperbolic fixed point.
Moreover, in this case the submanifolds W s,u are (exact) Lagrangian.
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Proof. Since A is normally hyperbolic, (6) implies that for each a ∈ A, s = dim E sa ,
u = dim Eua and c = dim Ta A sum to dim Ta M = dim M = 2n. Since f is symplectic
s = u = n − c/2. Therefore dim W s = dim W u = u + c = n + c/2. Suppose that W s,u
are isotopic; then since isotopic manifolds have maximum dimension n, we must have c = 0.
Consequently, dim A = 0 and since A is connected it is a hyperbolic fixed point.
Conversely, assume that dim A = 0, so that A = {a} for some hyperbolic fixed point a
and dim W s,u = n. To prove that W s is Lagrangian, take any two vectors u, v ∈ TξW s. We
know that D f ku and D f kv tend to zero as k →+∞, since the stable directions are uniformly
contracted. Since f preserves ω, we have
ω(u, v) = ( f k)∗ω(u, v) = ω(D f ku,D f kv) −→ ω(0, 0) = 0
as k →+∞.
If, in addition, f is exact symplectic, then for every closed loop γ ,
∮
γ λ =
∮
f (γ ) λ. Now
suppose that γ ⊂ W s, so that f k(γ )→ {a} as k →+∞. Then∮
γ
λ =
∮
f k(γ )
λ −→
∮
a
λ = 0.
Finally, the (exact) Lagrangian character of W u follows from the fact that it is the stable
manifold for f −1.
4.2. Melnikov method for hyperbolic fixed points of exact symplectic maps
Let f : M → M be a family of exact symplectic maps such that f0 has an exact Lagrangian
saddle connection 3 between two hyperbolic fixed points a and b. Note that in this case
that the stable and unstable manifolds are as smooth as the map f . We assume that
H0(a) = H0(b), where H is the Hamiltonian (26). Without loss of generality, we can assume
that H0(a) = H0(b) = 0.
The natural measure of splitting for this case is a real valued function L , the Melnikov
potential, whose derivative measures the splitting [9]. In other words, nondegenerate critical
points of the Melnikov potential predict transverse splitting. In this subsection, we shall find
the relation between the one form d L introduced by [38] and the Melnikov displacement.
Definition 8 (Melnikov Potential). For a saddle connection 3 and Melnikov displacement
D : 3→ ν(3), the function L : 3→ R implicitly defined by
dL = j∗3(i (D) ω) . (27)
is the Melnikov potential.†
† For simplicity, henceforth we will write this relation as i (D) ω = dL .
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We will show next that L is indeed defined by (27) and that its critical points correspond
to zeros of the displacement.
Proposition 11. The pullback of the one-form i (D) ω to the saddle connection 3 is well-
defined and exact. In particular, there exists a function L : 3→ R, determined uniquely up
to additive constants that obeys (27).
Moreover, the set of simple zeros of the Melnikov displacement D coincides with the set
of nondegenerate critical points of the function L.
Remark 5. Let N be a submanifold of M and X : N → ν(N ) a section of its normal bundle.
Then the pullback of the one-form i (X ) ω to the submanifold N is well-defined if and only if
N is isotropic. This has to do with the fact that j∗N (i (X ) ω) is well-defined if and only if
ω(X + Y,Z) = ω(X ,Z)
for any vector fields X : N → TN M and Y,Z : N → T N .
Proof. The pullback is well-defined because 3 is Lagrangian, see remark 5. With regard to
the exactness, it suffices to prove that
∮
γ j
∗
3(i (D) ω) = 0 for any closed path γ ⊂ 3. Let γ a
closed path contained in the saddle connection, then∮
γ
j∗3(i (D) ω) =
∮
γ
j∗3(i
(
f ∗0 D
)
( f ∗0 ω)) =
∮
f0(γ )
j∗3(i (D) ω)
where, since f0 is symplectic, the Melnikov displacement is invariant under the pullback of
f0, and the saddle connection is invariant under f0. Finally, since γ ∈ W s0(b, f0), we obtain
that ∮
γ
j∗3(i (D) ω) =
∮
f k0 (γ )
j∗3(i (D) ω) −→
∮
b
j∗3(i (D) ω) = 0
as k →+∞.
The equivalence between simple zeros of D and nondegenerate critical points of L
follows from the Lagrangian character of the saddle connection 3.
An explicit series for L can be obtained using the Hamiltonian (26).
Corollary 12. The Melnikov potential (27) is given by the absolutely convergent series
L =
∑
k∈Z
H0 ◦ f k0 . (28)
Proof. Since f0 is symplectic, and the generatorF0 is globally Hamiltonian with Hamiltonian
H0: i (F0) ω = dH0, we deduce that
i (D) ω =
∑
k∈Z
i
(
( f ∗0 )
kF0
)
ω =
∑
k∈Z
( f ∗0 )
ki (F0) ω =
∑
k∈Z
d(H0 ◦ f k0 ) = dL .
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The series converges absolutely because H0(a) = H0(b) = 0, limk→−∞ f k0 (ξ) = a, and
limk→+∞ f k0 (ξ) = b. In fact, it converges at a geometric rate.
While the Melnikov potential has been used many times for exact symplectic, twist, and
Hamiltonian maps, the formulation give here, using the power of deformation theory, is more
elegant.
The Melnikov potential introduced here is identical to the one defined in [9]. This can be
checked by direct comparison of the formula (28) with the formula (2.7) of the cited paper,
using (26) to express H0 in terms of the derivative of the generating function S at  = 0.
We also note that it is impossible to define a “Melnikov potential” on the saddle
connection of normally hyperbolic invariant manifolds with nonzero dimension, because then
the saddle connection is not isotropic (proposition 10) and so the identity (27) makes no sense
(remark 5). Nevertheless, even in this case the Melnikov displacement is defined.
4.3. Area-preserving maps
In this subsection, we restrict to the two-dimensional case in order to show in a simple way
that the Melnikov potential and the classical Melnikov function are transparently related.
Moreover, we will see that in some cases there exist geometric obstructions to the non-
vanishing of Melnikov functions. These points are most easily seen by choosing a special
time-like parametrization of the saddle connection.
We consider the standard symplectic structure on the plane, (M, ω) = (R2, dx ∧ dy),
and let J be the standard 2× 2 symplectic matrix: ω(u, v) = uT Jv = 〈u, Jv〉.
Suppose that f : R2 → R2 is a family of diffeomorphisms preserving area and
orientation, and H is the generating Hamiltonian forF , the generator for f . We assume that
the unperturbed map has a saddle connection 6 ⊂ W u(a) ∩ W s(b) between two hyperbolic
fixed points a and b such that H0(a) = H0(b) = 0. Note that the unperturbed map not need
be integrable.
The key point is that, on a one-dimensional saddle connection, there is a parametrization
α : R→ 6 such that
f0(α(t)) = α(t + 1) , lim
t→−∞α(t) = a , limt→+∞α(t) = b .
Remark 6. In many cases, such parametrizations can be expressed in terms of elementary
functions, and the Melnikov function can be explicitly computed [14, 8, 23].
Consequently, α provides a diffeomorphism between the saddle connection 6 and the
real line, so that objects defined over 6 can be considered as depending on the real variable t .
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Thus, for example, the Melnikov potential (28) can be replaced by L ◦α to become a function
L : R→ R given by
L(t) =
∑
k∈Z
H0(α(t + k)) . (29)
Here we abuse the notation by not giving the function a new name.
Our goal is to show that the classical Melnikov function (25), or rather the composition
M ◦ α, can be computed by differentiating L:
M(t) = L ′(t) . (30)
In addition we will show that these functions have the properties
• Periodicity: L(t + 1) = L(t) and M(t + 1) = M(t).
• In each fundamental domain [t, t + 1), M must vanish. Indeed, ∫ t+1t M(s)ds = 0 for
any t ∈ R. (This property will be generalized to volume-preserving maps in the next
section.)
• Near each simple zero of M(t) or nondegenerate critical point of L(t) there is transverse
intersection of the stable and unstable manifolds.
Given (29) and (30), the first two properties are obvious. Periodicity is simply a
consequence of the invariance of (29) under t → t + 1; this invariance under the unperturbed
map is a property of all of the Melnikov objects introduced so far. The second property is a
simple consequence of periodicity and integration of (30).
To show that M(t) is actually the classical Melnikov function (25) we must construct an
adapted normal vector field η on 3, recall definition 7. We claim that, when thought of as a
function of t , such a vector field η : R→ R2 is given by
η(t) = Jα′(t) .
This claim is proved in lemma 13 at the end of this subsection.
The relation between M and the classical Melnikov function (25) follows from a
straightforward computation of the derivative using J 2 = −I :
L ′(t) =
∑
k∈Z
〈∇H0(α(t + k)), α′(t + k)〉
=
∑
k∈Z
〈Jα′(t + k),−J∇H0(α(t + k))〉
=
∑
k∈Z
〈η(t + k),F0(α(t + k))〉 .
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Thus
M(t) =
∑
k∈Z
〈η(t + k),F0(α(t + k))〉
which is the obvious form of (25) under the parametrization α. This verifies (30) and the final
property.
To end this subsection, it remains to prove the claim about the vector field η.
Lemma 13. The vector field η : 6 → R2 defined by η(α(t)) = Jα′(t) is an adapted normal
vector field on the saddle connection 6.
Proof. Since f0 is symplectic, D f T0 JD f0 = J . Consequently,
Jα′(t + 1) = D f −10 (α(t + 1))T JD f −10 (α(t + 1))α′(t + 1)
= D f −10 (α(t + 1))T Jα′(t) .
Thus, given any vector field Y : 6→ R2, we have
f ∗0 〈η,Y〉(α(t)) = 〈η(α(t + 1)),Y(α(t + 1))〉
= 〈Jα′(t + 1),Y(α(t + 1))〉
= 〈Jα′(t),D f −10 (α(t + 1))Y(α(t + 1))〉
= 〈Jα′(t),D f −10 ( f0(α(t))Y( f0(α(t))〉
= 〈η, f ∗0 Y〉(α(t)) .
Moreover, since J is antisymmetric, 〈η, α′〉 = 0. Therefore, according to definition 7,
η : 6→ R2 is an adapted normal vector field.
5. Volume-preserving maps
For the case of a volume-preserving mapping with a codimension-one saddle connection, an
adapted normal field formulation of the Melnikov function also applies [25]. Here we show
how to relate this to the Melnikov displacement (8).
Let f : M → M be a family of volume-preserving diffeomorphisms on an oriented
n-dimensional manifold M with volume form  such that f0 has a codimension-one saddle
connection 6 between two normally hyperbolic invariant sets A and B.
We start with a simple lemma about the generator for f .
Proposition 14. Let F be the generator of a volume-preserving smooth family f . Then
(i) The divergence of F with respect to  is zero.
(ii) The one-form i (F) is closed.
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(iii) If M is simply connected, then i (F) is exact.
Proof. From [1, Thm. 2.2.21], we have that LF = 0. Since the divergence is defined by
div(F) = LF, this implies that the divergence vanishes. Moreover, since d = 0 and
LF = di (F)+ i (F) d, then di (F) = 0, implying (ii) and (iii).
In order to find an invariant nondegenerate (n − 1)-form from any adapted normal field,
we assume that M has a Riemannian metric 〈·, ·〉.
Proposition 15. If η is an adapted vector field (cf. definition 7), then
ωη = i (η)〈η, η〉 (31)
is a nondegenerate (n − 1)-form on 6 that is invariant under the restriction f0|6 .
Proof. By definition η is nonzero, so that ωη is nondegenerate. To prove that f ∗0 ωη = ωη on
the saddle connection 6, we introduce the vector field Zη : 6→ T6 defined by
Zη ≡ f
∗
0 η
〈η, f ∗0 η〉
− η〈η, η〉 .
This vector field is tangent to 6, because 〈η,Zη〉 ≡ 0. Now, we compute the difference
f ∗0 ωη − ωη =
i
(
f ∗0 η
)
f ∗0 
f ∗0 〈η, η〉
− i (η)〈η, η〉 =
i
(
f ∗0 η
)

〈η, f ∗0 η〉
− i (η)〈η, η〉 = i
(Zη) .
Hence, it suffices to see that the (n − 1)-form i (Zη) vanishes identically on the tangent
space T6. This follows from the fact that Zη is tangent to 6 and dim6 = n − 1.
The Melnikov function associated with η is defined using ωη.
Definition 9 (Volume-Preserving Melnikov Function). Let D be the Melnikov displace-
ment (8). Given an adapted vector field η on6, we define the Melnikov function Mη : 6→ R
as the unique Cr−1 function such that
Mηωη = i (D) (32)
as (n − 1)-forms on 6.
The previous definition first appeared in [25]. Note that i (D) is an (n − 1)-form, but
it is possible that it might be degenerate; if this were the case then zeros of Mη need not
correspond to those of D. We will show next that this is not the case.
Proposition 16. The Melnikov function Mη is invariant under the map f0 and Mη = 〈η,D〉.
Moreover, a point ξ0 is a zero of Mη if and only if it is a zero of D.
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Proof. Using (31), we obtain
i (D)− 〈η,D〉ωη = i (v)
where v ≡ D − 〈η,D〉〈η, η〉 η. Since v ∈ T6, we conclude that i (v) ≡ 0, as an (n − 1)-
form on 6, and thus Mη = 〈η,D〉. Since η is an adapted field, and D is invariant,
f ∗0 〈η,D〉 = 〈η, f ∗0 D〉 = 〈η,D〉. Therefore, f ∗0 Mη = Mη. Finally, Mη(ξ0) = 0 only when
D(ξ0) = 0, since η is nonzero and normal to T6, and D is not in the tangent space.
We would like to show, as we did for the area-preserving case in section 4.3, that the
volume-preserving Melnikov function necessarily has zeros on 6. To do this, we will show
that the integral of Mη with respect to the measure ωη is zero. This can be accomplished
by dividing the saddle connection into pieces—fundamental domains—that are mapped into
each other by f0.
Definition 10 (Proper Boundary). Let A be a compact normally hyperbolic invariant manifold
of a diffeomorphism f0 with stable manifold W s(A). A proper boundary, γ , is a submanifold
of W s(A) that bounds an isolating neighbourhood of A in W s(A). In other words, γ is proper
if there is an closed submanifold W sγ (A) such that
(i) ∂W sγ (A) = γ , and
(ii) f0(W sγ (A)) ⊂ int (W sγ (A)).
We refer to the closed set W sγ (A) as the stable manifold starting at γ .
Similarly, for the unstable manifold, a submanifold σ ⊂ W u(A) is proper it is proper for
f −10 . However, in this case we define the unstable manifold up to σ , denoted by W uσ (A), as
the interior of the local manifold that corresponds to f −10 .
Notice that the definition is not symmetric, because W sγ (A) is a closed subset of W
s(A),
while W uσ (A) is open in W
u(A). The asymmetry is just a technicality in order to simplify
some proofs.
Definition 11 (Fundamental Domain). Let A be a hyperbolic invariant set for f0. A
submanifold with boundary P is a fundamental domain of W s(A) if there exists some proper
boundary γ ∈ W s(A) such that
P = W sγ (A) \W sf0◦γ (A) .
Equivalently, a fundamental domain in W u(A) is a manifold with boundary of the form
P = W uσ (A) \W uf −10 ◦σ (A),
where σ is a proper boundary in W u(A).
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In each case, the fundamental domain is a manifold with boundary ∂P =γ ∪ f0(γ ).
An immediate consequence of the definition is that all the forward and backward iterations
of a fundamental domain are also fundamental. It is easy to see that proper boundaries
always exist, and in fact, the unstable manifold can be decomposed as the disjoint union
of fundamental domains:
W s(A) \ A =
⋃
k∈Z
f k0 (P) .
The importance of fundamental domains is that much of the information about the entire
manifold can be found by looking only at these submanifolds. For example, as discussed in
[27], the topology of the intersections of W u and W s can be studied by restricting to P .
Proposition 17. Let M be a simply connected manifold and f : M → M a family of volume-
preserving maps such that f0 has a saddle connection 6 with fundamental domain P. If ωη
is the (n − 1)-form defined in (31) and Mη is the Melnikov function (32), then
∫
P Mηωη = 0.
Proof. The fundamental domain P is a submanifold with boundary, such that ∂P = γ∪ f0(γ ),
where γ is a closed curve that does not intersect f0(γ ). If we give an orientation [P] to P , the
induced orientation on the boundary satisfies [γ ] = − [ f0(γ )]. According to proposition 14,
the form i (F0) is exact. Thus there exists an (n − 2)-form 4 such that d4 = i (F0).
From (9) we conclude that
i (D) = i
(∑
k∈Z
( f ∗0 )
kF0
)
 =
∑
k∈Z
( f ∗0 )
k
(
i (F0)
)
= d
∑
k∈Z
( f ∗0 )
k4 = d9
where9 =∑k∈Z( f ∗0 )k4. Finally, from definition 9, the Stokes’s theorem, and the invariance
f ∗0 9 = 9, we get that the integral∫
P
Mηωη =
∫
P
i (D) =
∫
P
d9 =
∫
∂P
9 =
∫
γ
9 −
∫
γ
f ∗0 9
vanishes.
The previous result implies that the stable and unstable manifolds of a perturbed saddle
connection necessarily intersect. Examples of such intersections were computed for the case
M = R3—where the hypothesis of proposition 17 are satisfied—in [25, 27].
6. Conclusion and future research
We have studied a general theory of the Melnikov method that can be applied to many different
settings. The formula (9) for the Melnikov displacement D generalizes many of the classical
methods that use a normal vector field to measure the displacement with respect to a natural
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direction. For example, when the saddle connection is defined as the level set of a first
integral I , the classical Poincare´ function MI = dI (D) measures the splitting as the rate
of change of the first integral. If there is a Riemannian structure and an associated adapted
normal vector field η, then the classical Melnikov function Mη = 〈η,D〉 measures the rate of
change of the splitting in this normal direction. For the case of exact symplectic maps with
saddle connections between hyperbolic fixed points, the Melnikov potential L is defined on a
Lagrangian submanifold and acts as a generator for the displacement: dL = i (D) ω.
This Melnikov theory can be extended to other situations and can be applied in many
problems. For instance, one can study billiard dynamics inside a perturbed ellipsoid,
following a program initiated in [6, 3]. It turns out that the billiard map inside an ellipsoid is an
exact symplectic diffeomorphism defined on the cotangent bundle of the ellipsoid, which has
a two-dimensional normally hyperbolic invariant manifold with a three-dimensional saddle
connection. Therefore, ellipsoidal billiards represent a strong motivation for a more detailed
study of general normally hyperbolic invariant manifolds in a symplectic framework. This is
a work in progress.
In discrete volume geometry there are many open Melnikov problems, since the
application of Melnikov methods to volume-preserving maps began just a few years ago [25,
27]. We plan to continue this program in several ways. As a first step, we plan to obtain
bounds on the number of primary heteroclinic orbits in terms of the degree of the polynomial
perturbation [28].
Acknowledgments
HL was supported in part by Asociacio´n Mexicana de Cultura. JDM was supported in part by
NSF grant DMS-0202032 and by the Mathematical Sciences Research Institute in Berkeley.
RR-R was supported in part by MCyT-FEDER grant MTM2006-00478. Useful conversations
with Guillermo Pastor, Amadeu Delshams, Richard Montgomery, Clark Robinson, Renato
Calleja and Rafael de la Llave are gratefully acknowledged.
References
[1] Abraham R and Marsden J E 1978 Foundations of Mechanics (Second Edition) (Reading, Mass.:
Benjamin/Cummings Publishing Co.)
[2] Baldoma` M and Fontich E 1998 Poincare´-Melnikov theory for n-dimensional diffeomorphisms Appl. Math.
(Warsaw) 25 129–52
[3] Bolotin S, Delshams A and Ramı´rez-Ros R 2004 Persistence of homoclinic orbits for billiards and twist-
maps Nonlinearity 17 1153–77
Canonical Melnikov theory for diffeomorphisms 30
[4] Bountis T, Goriely A and Kollmann M 1995 A Mel’nikov vector for N -dimensional mappings Phys. Lett.
A 206 38–48
[5] Cresson J and Wiggins S 2005 A λ-lemma for normally hyperbolic invariant manifolds Preprint arXiv:
math.DS/0510645
[6] Delshams A, Fedorov Yu and Ramı´rez-Ros R 2001 Homoclinic billiard orbits inside symmetrically
perturbed ellipsoids Nonlinearity 14 1141–95
[7] Delshams A, de la Llave R and Seara T 2006 Geometric properties of the scattering map of a normally
hyperbolic invariant manifold Preprint mp arc/06-184
[8] Delshams A and Ramı´rez-Ros R 1996 Poincare´-Melnikov-Arnold method for analytic planar maps
Nonlinearity 9 1–26
[9] Delshams A and Ramı´rez-Ros R 1997 Melnikov potential for exact symplectic maps Comm. Math. Phys.
190 213–45
[10] Devaney R L 1976 Reversible diffeomorphisms and flows Trans. Am. Math. Soc. 218 89–113
[11] Easton R W 1984 Computing the dependence on a parameter of a family of unstable manifolds:
Generalized Melnikov formulas Nonlinear Anal. 8 1–4
[12] Easton R W 1991 Transport through chaos Nonlinerity 4 583–90
[13] Easton R W, Meiss J D and Carver S 1993 Exit times and transport for symplectic twist maps Chaos 3
153–65
[14] Glasser M L, Papageorgiou V G and Boutis T C 1989 Melnikov’s function for two-dimensional mappings
SIAM J. Appl. Math. 49 692–703
[15] Go´mez A and Meiss J D 2004 Reversors and symmetries for polynomial automorphisms of the complex
plane Nonlinearity 17 975–1000
[16] Hirsch M W 1976 Differential Topology (Graduate Texts in Mathematics vol 33) (New York: Springer-
Verlag)
[17] Hirsch M W, Pugh C C and Shub M 1977 Invariant manifolds (Lecture Notes in Mathematics vol 583)
(Berlin-New York: Springer-Verlag)
[18] Holmes P J and Marsden J E 1982 Melnikov’s method and Arnol’d diffusion for perturbations of integrable
Hamiltonian systems J. Math. Phys. 23 669–75
[19] Kaper T J and Wiggins S 1991 Lobe area in adiabatic Hamiltonian systems Physica D 51 205–12
[20] Levallois P 1997 Calcul d’une fonction de Melnikov et de ses ze´ros pour une perturbation alge´brique du
billard elliptique. Ergodic Theory Dynam. Systems 17 435–44
[21] de la Llave R 1996 On necessary and sufficient conditions for uniform integrability of families of
Hamiltonian systems. Pitman Res. Notes Math. Ser. 362 76–109
[22] de la Llave R, Marco J M and Moriyon R 1986 Canonical perturbation theory of Anosov systems and
regularity results for the Livsˇic cohomology equation Ann. of Math. (2) 123 537–611
[23] Lomeli H E 1996 Saddle connections and heteroclinic orbits for standard maps Nonlinearity 9 649–68
[24] Lomeli H E 1997 Applications of the Melnikov method to twist maps in higher dimensions using the
variational approach Ergodic Theory Dynam. Systems 17 445–62
[25] Lomeli H E and Meiss J D 2000 Heteroclinic primary intersections and codimension one Melnikov method
for volume-preserving maps Chaos 10 109–21
[26] Lomeli H E and Meiss J D 2000 Heteroclinic orbits and flux in a perturbed integrable Suris map Phys. Lett.
A 269 309–18
[27] Lomeli H E and Meiss J D 2003 Heteroclinic intersections between invariant circles of volume-preserving
Canonical Melnikov theory for diffeomorphisms 31
maps Nonlinearity 16 1573–95
[28] Lomeli H E and Ramı´rez-Ros R 2007 Counting heteroclinic orbits for volume-preserving maps In progress
[29] MacKay R S and Meiss J D 1988 Relationship between quantum and classical thresholds for multiphoton
ionization of excited atoms Phys. Rev. A 37 4702–6
[30] MacKay R S, Meiss J D and Percival I C 1987 Resonances in area preserving maps Physica D 27 1–20
[31] McMillan E M 1971 A problem in the stability of periodic systems Topics in Modern Physics ed E Brittin
and H Odabasi (Boulder: Colorado Assoc. Univ. Press) pp 219–44
[32] Meletlidou E and Ichtiaroglou S 1994 A criterion for non-integrability based on Poincare´’s theorem Phys.
D 71 261–8
[33] Meiss J D 1992 Symplectic maps, variational principles, and transport Rev. Mod. Phys. 64 795–848
[34] Melnikov V K 1963 On the stability of the center for time periodic perturbetions Trans. Moscow Math.
Soc. 12 1–57
[35] Mezic´ I and Wiggins S 1994 On the integrability and perturbation of three-dimensional fluid flows with
symmetry J. Nonlinear Sci. 4 157–94
[36] Poincare´ H 1892–1899 Les me´thodes nouvelles de la me´caniqye ce´leste vol 1–3 (Paris: Gauthier-Villars)
[37] Ramı´rez-Ros R 2006 Break-up of resonant invariant curves in billiards and dual billiards associated to
perturbed circular tables Phys. D 214 78–87
[38] Roy N 2006 Intersections of Lagrangian submanifolds and the Melnikov 1-form J. Geom. Phys. 56 2203–
29
[39] Suris Yu B 1989 Integrable mappings of the standard type Func. Anal. Appl. 23 74–6
[40] Thom R and Levine H 1971 Singularities of differentiable mappings Proceedings of Liverpool Singularities
Symposium. I (1969/1970) ed C T Wall (Berlin: Springer-Verlag) pp 1–89
[41] Wodnar K, Ichtiaroglou S and Meletlidou E 1999 Non-integrability and continuation of fixed points of
2n-dimensional perturbed twist maps Phys. D 128 70–86
